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_Z Introduction

What is a system? How can these
notions be given precise and yet genéral meaning, and how can they be
related to some of the other basie conecepts in system theory? These
are the central questions to which our introductory chapter is addressed.

A system, according to a dictionary definition, is a collection of objects
united by some form of interaction or interdependence. In this sense,
almost everything is a system of one kind or another. Indeed, in its
broad interpretation, the notion of a system is one of the most pervasive ,
ideas in the domain of human thought.?

Not quite so pervasive, but very basic nonetheless, is the notion
of a state of a system. Roughly, a state of a system at any given time ¢
is the information needed to determine the behavior of the system
from that time on. Thus, in kinematics, the state of a rigid body in
rectilinear motion is its position and velocity. 'In electric circuits,
the state of a network is a vector whose components are the capacitor
voltages and inductor currents. In the case of a thermochemical
catalytic process, the state may be the concentrations of the reagents,
their temperatures, and their partial pressures.
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2 Discussions of the concepts of system and state from modern points of view may
be found in [1-9] and their references.
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1.1’ System Theory

In what follows, we shall not attempt to present a survey or %
critique of the many special ways in which the notions of system and
state have been defined in various fields of science. Rather, our aim
is to define these and related notions in a general and mathematically
precise way, with a view to providing a firm foundation for the con-
struction of a broad coneceptual framework for system theory. Our
point of departure will be the same as in [1-2], that is, the conception of
a system as a set of input-output pairs.! However, our approach will be
simpler and more direct. In order to make our exposition self-con-
tained, we do not assume that the reader is familiar with the material
presented in [1-2].2

As will be seen later, when one starts with the definition of a system
as a set of input-output pairs, a state of the system ean be defined very
naturally as a tag attached to a subset of input-output pairs satisfying
certain consistency conditions. Such a subset will be referred to as an
aggregate. The concept of an aggregate will play an important role in
our approach and, in particular, will serve to provide a very natural
way for introducing the basic ideas of state equivalence, system equiv-
alence, input-output-state relations, ete.

Notational preliminaries

For the convenience of the reader, we list first several commonly
used abbreviations and conventions which will be employed without
further explanation in this chapter.

1. Lowercase boldface letters denote vectors, for example, e, u, X.

2. Greek and italic letters denote scalar-valued variables, functions,
and operators, for example, «, u(f), L.

3. Braces denote a set or a family, for example, {z} is a set with

1 The definition of a system as a set of input-output pairs and, more particularly,
as a relation rather than as a mapping or an operator (see 1.2.8), constitutes one
of the basic differences between the point of view introduced in [1] and the conven-
tional definitions of a system which one finds in the literature of control theory
and automata theory. In these theories, a system is usually defined through its
state equations or as a mapping from the space of inputs to the space of outputs.

2 The important work of K. Krohn and J. Rhodes [10-11] and subsequent con-
tributions by P. Zeiger [12], R. Kalman [5], M. Arbib [26], T. Windeknecht (9],
and others have shown that some of the concepts and techniques of abstract algebra
can be useful in analyzing the behavior of certain types of systems, especially
finite-state systems and linear discrete-time systems. Even in the case of the very
general class of systems considered in this chapter, some of the definitions and
results can be expressed more compactly through the use of algebraic notation and
terminology. We do not use such notation herein in order not to make familiarity
with modern algebra a prerequisite for the understanding of our exposition of the
basic concepts of system theory.
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The Concepts of System, Aggregate, and State in System Theory 1.1

generic element z. {z|P} is a set of z’s having property P, for exam-
ple, {z|5 < z < 10} is the open interval (5,10). When necessary,
the notation {f(f,a)}. will be used to place in evidence the variable
(@ in this case) which generates the family. The terms set, collection,
family, and space will be used interchangeably.

4. The symbol (a,b) is used in two different senses: (1) As an
ordered pair of variables a and b, and (2) as the open interval {z|a <
z < b}, when a and b take values on the real line (— »,«). In the
latter case, the symbol [a,b] will be used, as usual, to denote the closed
interval {zla < z < b}.

5. £ stands for equal by definition, or denotes.

6. == stands for implies. Thus, A = B means ‘“In order that B

be true, it is sufficient that A be true.”
' 7. < denotes implies and is implied by.

8. ¥V is an abbreviation for for all; 3 is an abbreviation for there
exists.

9. & stands for belongs to or is an element of. & stands for does
not belong to.

10. R» denotes the space of ordered n-tuples of real numbers.
Thus, B! £ (—,®) and B* £ {(z1, . . . ,z.)}, with z; € R, 7 = 1,

.., n.

11. If X = {zx} and ¥V = {y}, then X X ¥V = {(z,y)}.

We turn next to notations which are specific to system theory. The
symbol ¢ will stand, as usual, for time. The range of the variable ¢
will be denoted by 7, with the understanding that unless otherwise
indicated T is the real line (— «,»). In the case of so-called dis-
crete-time systems, T will be assumed to be the set of integers . . . , —1,
0,1,2,....

A time function v is understood to be a set of pairs {({,v())},t &€ T,
where v(f) denotes the value of v at time . The range of v(f) will be
denoted by E[v(?)] and, unless stated to the contrary, will be assumed
to be independent of {. TUsually, for each ¢, v(¢) will be an ordered
n-tuple of real numbers, so that R[v()]= R~

If v is a time function defined over (— «, =), then the set of pairs
{(tv(@®)}, t € I, where I is an interval, is called a segment of v over
the observation interval I or, for short, a segment. Such a segment
will be denoted by v; or, more explicitly, by v,,.,3, if I = [fo,ta]. Cor-
respondingly, we shall write v,.; when 7 is the semiclosed interval
(to,t1]; and v,y when I is the open interval (,,t). When no confusion
with the time function v can arise, its segment v; will be abbreviated
to v. The length of v will be denoted by I(v) and will be identified
with the length of the interval [t,,t1]. Thus I(v) = t, — ta.



1.2, System Theory

A segment of v which comprises a segment v® followed by a seg-
ment v! will be denoted by v®v'. More explicitly, if v* £ vy, ., and
vl £ vy ., then vov! £ vy g, with v° and v! being segments of vov!.
(See Fig. 1.1.1.) Note that

I(vov)) = [(v®) + I(v})

In illustrating various concepts which will be introduced in later
sections, it will frequently be convenient to deal with time functions

|
|
| !
f

to 3 t Time

Fig. 1.1.1 Product notation for contiguous segments of a time function.

which are sequences of binary symbols, for example, 0, 1 or a, b.
According to the convention stated earlier, such a time function should
be written as, say, v = {(0,a),(1,b),(2,b),(3,a),(4,a), . . .}, where the
first element of each pair indicates the time of occurrence of the second
element. To reduce the cumbersomeness of this notation, we shall
write v in the usual form, » = abbaa - - - , indicating separately, if
needed, the time of occurrence of the first symbol.

This completes the notational preliminaries. We are now ready to
turn to defining some of the basic concepts of system theory.

A word of warning: On first exposure, an uninitiated reader may find
the definitions formulated in the following sections to be somewhat
artificial and bearing little resemblance to his prior notions of the
meaning of such terms as system, state, etc. In time, however, he will
come to realize that these abstract-sounding definitions are entirely
natural and that they merely serve to give precise meaning, couched
in mathematical notation and terminology, to various ill-defined notions
which oceur in the traditional approaches to system analysis.

Defination of an abstract object

As a preliminary to defining a system, we shall introduce a closely
related notion—the notion of an abstract object.
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The Concepts of System, Aggregate, and State wn System Theory 1.2

In order to avoid stating various definitions both for the case where
¢t is continuous (that is, its range is an interval) and for the case where
tisdiserete(t = . . . ,—1,0,1,2, . . .), weshall restrict our attention to
the former case and assume that T, the range of ¢, is the real line. With
minor modifications, the same definitions will usually apply when ¢ is
diserete or, more generally, when ¢ ranges over a subset of the real line.

With this understanding, consider a physical object ® which is
associated with a set of measurable attributes, say, mass, height, width,
color, velocity, ete. Let the values of these attributes at time ¢ be

denoted by v1(t), . . ., v.(). Clearly, from the mathematical point
of view, what matters about ® is not the physical identity of the time
functions v, . . . , v, but the mathematical relations between them.

In essence, it is these relations, stripped of their physical identity,
‘that constitute an abstract object.

To transform this rather vague idea into a precisely defined concept,
it will be helpful to first focus our attention on a consistency condition
which will play an important role in subsequent definitions. The
significance of this condition will become clearer later, after the noticn
of an abstract object is related to that of its state.

Closure under segmentation

For each t, and ¢ in (— 0, ), with ¢ > &, let V' £ {v,1} denote
a family of segments, with the understanding that to each interval
[to,t1] may correspond more than one segment vy, ,1.

Let 7 € [to,t:] and let the segments vy, Vi,71, and vir,; be denoted
by v, v and v, respectively. Then, in accordance with the notation
for contiguous segments, we can write v = vyl

The family of segments V = {v°!} will be said to be closed under
segmentation or, {or short, satisfy the CUS condition if and only if for
each 7 in [to,t1] both v® and v! belong to V. In symbols, the CUS
condition may be expressed as

VWWEV=vEV and VVET

for all &y, t1 in (— »,»), all vin V, and all = in [{o,t;]. Equivalently,
the family V is closed under segmentation if and only if every segment
of a segment which is a member of V is also a member of V.

Note that from v* € V and v! € V it does not necessarily follow
that viv! € V. If v € V and v'v! € V, then v! will be said to be a
continuation of v0in V.

Ezxample As a simple illustration, let vy,,.,; be defined by the equation

v(@®) = a 4+ B(t — t) HLh<t<t



1.2 System Theory

where fo, {1, @, and 8 range over (— o, ). Clearly, the CUS condition
is satisfied in this case. On the other hand, if v(f) were defined by

v() =1+ Bt — to)

then the CUS condition would not be satisfied.

The CUS condition can readily be extended to the case where v is
an ordered n-tuple of segments (defined on the same interval) and Vis a
family of such n-tuples. For example, if vis an ordered pair, v = (u,y),
where u = up,.) and y £ yp,.,1, then the CUS condition 1 becomes

(ulylyh) EV=wy) €V and WyH) &V

where u® £ uy., vl £ U, ¥° * Y, and ¥ =y As before,
a pair (ul,y!) will be said to be a continuation of (u%,y°) in V if (uul,yy?)
&v.

Abstract objects

Earlier in this section, an abstract object was vaguely identified with a
set of relations among the time functions which represent its attributes.
Having formulated the CUS condition, we are now in a position to
define the concept of an abstract object in concrete and yet very general
terms.

Definition An abstract object @ is a family of ordered pairs of time
functions

@ = { (Wi, Yitora)) } to, t1 € (— 0, ®)

satisfying the CUS condition, that is, (uy,.,1,¥ 1) belongs to @ = every
segment of (Up,.1,¥1,.1) belongs to @.

The segments u % uy,,; and y £ yp,.) are termed, respectively,
nput and output of @, and the pair (u,y) is said to be an ‘nput-output
pair belonging to @. Thus, in essence, an abstract object @ is a collec-
tion of input-output pairs,

¢ = {(uy)}

satisfying the CUS condition.
The families of time functions

D(@) = {u/(uy) € @}
and

®(@) = {yl(uy) € @}

constitute, respectively, the domain and range of @. These families
represent, respectively, the sets of all input and outputs that can be
associated with @ For a diagrammatic representation of an abstract
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The Concepts of System, Aggregate, and State in System Theory 1.2

object @ with input u and output y, we shall employ the conventional
block diagram form shown in Fig. 1.2.1.

Comment The above definition of an abstract object is merely a
formal expression of the fact that any interaction with a physical
object involves varying some of the attributes of this object and
observing the resulting variations in other attributes. The attributes
that are varied play the role of inputs (causes) and the resulting
variations are the outputs (effeets). In taking the point of view that
an abstract object is a collection of its input-output pairs, we are in
effect asserting that so long as our interaction with an object takes

u Yy
[ — QG f-r—— 0
Input Qutput

Fig. 1.2.1 Diagrammatic representation of a system @ with input u and outputy.

place through the observation of the variations in its attributes, it
is logical to identify the object in question with the totality of possible
observations of variations in its attributes. The totality of such obser-
vations, then, constitutes an abstract object.

It is important to observe that the definition of an abstract object

does not imply that to each input u corresponds a unique outputy. On
the contrary, to each input u will correspond in general a number of
possible outputs, each of which constitutes a possible response of @ to
u. As will be seen later, the nonuniqueness of response to a given input
reflects the dependence of the output not only on the input but also on
the initial state of the object. In mathematical terminology, because
of the nonuniqueness of the dependence of output on input, an abstract
object is a relation rather than a function or an operator.
Example To illustrate the notion of an abstract object at this point,
we shall consider just one simple example involving input-output
pairs which are sequences of binary symbols. To distinguish between
input and output symbols, the former are denoted by 0, 1 and the
latter by q, b.

The input-output pairs of lengths 1, 2, and 3 for this object, call it @,
are listed below, with the understanding that any sequence of 0s and 1s
can be an input sequence.

Input-output pairs of length 1:
0@ (b Qa) @)
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Input-output pairs of length 2:

(00,ab) (00,ba) (O1,ba) (01,ab)
(10,aa) (10,ba) (11,0b) (11,ba) (11,bd)

Input-output pairs of length 3:

(000,aba) (010,baa) (100,bab) (111,aba) (000,bab) (001,bab)
(111,bba) (110,bba) (111,bba) (001,aba) (110,baa) (011,abb)
(100,aab) (101,aab) (010,aba) (101,bab) (110,aba) (011,bab)

We could expand this list indefinitely by listing input-output pairs of
lengths 4, 5, etec. In this particular case, however, it is easy to show
that the input-output pairs of length 3 determine all input-output
pairs of longer length. An abstract object with this property (i.e., one
in which input-output pairs of finite length % determine all input-output
pairs of longer length) will be said to have finite memory. More con-
cretely, a finite memory object will be said to have memory of length k&
if given any input-output pair (uf,,;,¥0..)) of length & (ie., one in
which # — ¢, = k) and given any continuation uf, ,; of uf, ,; in D(@)
[i.e., an input u! such that u®u! € H(Q@)], there is just one continuation
y' of y*in ®(@). In other words, if (uul,y’y") € @ and (u%y?) is of
length k, then y! is uniquely determined by u? y°® and u!. Thus for a
finite-memory system y' can be expressed as a function of u? y°and u?

yt = f(u’y’u)

and, more particularly, fort = ..., —1,0,1,2, . .., ut = ({,u,)
and y! = (3,y:), we can write

y: = f(“l—k; DL I P 5 TR :yt-lyut;t)

where u, and y, denote the values of u and y at time .

To show that the abstract object under consideration has finite
memory, it is sufficient to invoke the CUS condition. Specifically,
consider an input-output pair of length 3 such as (010,aba). From
this sequence, we can deduce an input-output pair of length 4 of the
form (010u!,abay?) as follows. For the input sequence 0100, the output
sequence can be either abaa or abab. Now, by the CUS condition, the
last three symbols in this pair must be an input-output pair. In the
list of input-output pairs, we find (100,bab) but not (100,baa). Con-
sequently, (0100,abab) belongs to @, while (0100,abaa) does not. In a
similar way, all input-output pairs of length greater than 3 can be
deduced from pairs of length 3.

In the foregoing, we have indicated how the CUS condition can be
employed to deduce input-output pairs of length >3 from those of

10
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The Concepts of System, Aggregate, and State in System Theory 1.2

length 3. Clearly, all pairs of shorter length can also be deduced from
those of length 3 by a trivial application of the CUS condition. It is
easy to verify that all input-output pairs of length 1 and 2 in the given
list are segments of input-output pairs of length 3.

Input-output relations

In general, it is not practicable to list all input-output pairs which
define an abstract object @ since such pairs are usually not finite in
number. For this reason, it is customary to characterize @ by an
input-output relaiion, that is, by an equation or an algorithm which
can be used to generate all input-output pairs belonging to G.

The most common example of an input-output relation is a differen-
tial equation. Thus, when we say that @ is characterized by the

" input-output relation

dr dr
a® L4+ aly = b)) T+ b(bu
which is a linear differential equation in % and y, we mean that any
ordered pair (u,y) which satisfies 10 is an input-output pair for @, and
conversely any (u,y) € @ satisfies 10.1

To illustrate, suppose that the input-output relation for @ is expressed
by

dy -
@ Ty=v

The general solution of this equation yields an explicit expression for all
input-output pairs which satisfy 11. Specifically, such input-output
pairs can be expressed as (u(f),y(#)), t > t, in which y(f) is related
to u by

y() = a0 + /: e"=u(f) dt

where o can be any real number. [Note that from setting ¢ = ¢, in 12
it follows that a = y(¢s).] In this representation, to each value of «
(which will subsequently be called a state of @) corresponds a set of
input-output pairs defined by 12. We will make use of this observation
in our later discussion of the notions of aggregate and state.

Another common example of an input-output relation is a difference
equation relating input and output sequences. For example, the
difference equation

Yi+1 — CYt = U t=...,—1,0,1,...

1 Although we have not stated so explicitly, it is understood that %(¢) and y(t)
range over R! and that « and y are time functions on which the operations involved
in 10 can be performed.

11
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is an input-output relation in the sense that it defines all input-output
pairs belonging to an object @ More explicitly, such input-output
pairs are expressed by (u,y:), t > to, where y, is related to » by the
solution of 13, namely

i
go=actt + D oty E> 1,
&=t

in which e« [= y(ty)] ranges over R!. As in 11, to each value of &
(which will subsequently be called a state of @) corresponds a set of
input-output pairs of @ defined by 74.

Still another way of defining sets of input-output sequences is
provided by graphs such as shown in Fig. 71.2.2. In this case, », and y,

{0,5)

Fig. 1.2.2 State diagram for a finite-state system.

range over finite sets which for simplicity are taken to be {0,1} and
{a,b}, respectively, and each transition from one node (represented by
a circle) to another is associated with an input-output pair of length 1.
For example, starting in node I and applying the input sequence 01101,
one gets the output sequence babab. This generates the input-output
pair (01101,babab). All other input-output pairs which belong to the
object in question can be generated in a similar fashion.

Objects whose input-output relations can be characterized in this
fashion are called finite-siate systems. A graph such as shown in
Fig. 1.2.2 is called a state diagram and, as will be seen later, the nodes
of such a graph play the role of the states of the object which it defines.

It should be noted that most of the abstract objects which we used
for illustrative purposes in this section fall into the category of time-
invariant linear systems. Since the notions of time invariance and
linearity play important roles in system theory, it will be helpful at
this juncture to relate these notions to the conception of an abstract

12
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object as a collection of input-output pairs. However, since we are not
concerned in this chapter with the properties of any particular class of
systems, our discussion of time invariance and linearity will be very
brief and limited essentially to definitions of these terms. More
detailed discussions of the implications of time invariance and linearity
may be found in [1] and other texts and papers dealing with linear
and nonlinear system theory [13-26].

Time invariance

As a preliminary to defining time invariance, it is convenient to intro-
duce a notation for translates of a segment. Specifically, let v = vy,

\7-\ )
1 |

o I fo+38 tH+8 Time

Fig. 1.2.3 Translate of a segment,.

be a segment. Then, by a translate of v by amount & is meant a segment;
v; such that (see Fig. 1.2.3)

vi(t) = v(t — 8) b+ <t<iti+ 9

Roughly speaking, time invariance of an abstract object has to do
with invariance of its input-output pairs under translations in time.
More specifically, let (u,y) be an input-output pair for an abstract
object @ and let (us,y;) denote a translate of (u,y) by amount 8. Then
@ is a time-invariant abstract object if and only if the following holds
true

wy) €Ea= (uy;) € G for all real &

In other words, @ is time-invariant if and only if the set @ = {(u,y)}
is closed under all translations in time.

It is easy to verify that the abstract objects defined by the input-
output relations 11 and 13 are time-invariant. More generally,
any input-output relation which has the form of a differential or
difference equation with constant coefficients defines a time-invariant
abstract object. It should be noted that the abstract object of Exam-
ple 9 is tacitly assumed to be time-invariant because the times of
occurrence of the first symbols in each input-output pair are not
specified. This implies that not only the input-output pairs in Example
9 but also all their translates belong to the object under consideration.

18
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Linearity

The importance of the notion of linearity stems from two faets: (1)
Linearity, when it is present, greatly simplifies the analysis of system
behavior; (2) many systems encountered in the real world are linear,
at least to a first approximation.

Linearity can be defined quite simply in terms of the collection of
input-output pairs which characterize an abstract object. Specifically,
let @ = {(u,y)}, and let (uf,y?) and (ul,y!) be any pair of input-output
pairs in @. In terms of these input-output pairs, the definition of
linearity can be worded as follows.

Definition An abstract object @ is linear if and only if
Wy ea and (uLy!) € @ = (ku® + kt, key® + kiy!) € @

for all real ky and k;. In other words, @ is linear if and only if any
linear combination of any two input-output pairs in @ is also an input-
output pair in @& Equivalently, @ is linear if and only if @ is a linear
vector space.

Clearly, the input-output relations 11 and 73 define abstract objects
which are linear in the sense defined above. Thus, in the case of 11,
we can write

@,Z_/_o 0 — 40

dy?

vy 1 = o1
dt+y u

and on forming a linear combination of 19 and 20, we have
c% (oy® + FayY) + koy® + ki = kou® + kau!

which satisfies 18 provided the domain and range of @ are linear
vector spaces, as they are tacitly assumed to be. The same applies to
13.

Some basic notions stemming from the concept of an abstract
object

This section is devoted to the discussion of several basic notions which
stem from the concept of an abstract object as a collection of input-
output pairs. The first of these notions is that of

14



The Concepts of System, Aggregate, and State in System Theory 1.3

Containment An object & will be said to be contained in object ®,
written as @ C ®, if the set @ is a subset of ® In terms of input-
output pairs, this means that every input-output pair belonging to @
also belongs to ®.

Ezample Consider two objects @ and ® which are characterized by
the state diagrams shown in Fig. 1.8.1. It is easy to verify by inspec-
tion that every input-output pair which belongs to @ also belongs to ®.

(0,0) (1,a) {0.a) (1.2}

{1,6)

(0,4)

Q ®

Fig. 1.3.1 State diagrams for @ and ®, with @ C ®.

The converse, however, is not true, e.g., the input-output pair (01,ba)
belongs to & but not to G.
Example Suppose that @ and ® are characterized, respectively, by
the input-output relations

Q: d—y=u
at

. dly du

®: aE = d

In this case, the input-output pairs for @ and & may be expressed
in the explicit form

a: (v, e+ [[u(®ds) t>t
®: (uw®, 8o+ Bs6 — 0 + [[u(® de)  t214

where a, Bo, and B8, range over R!. Clearly, every input-output pair
belonging to @ also belongs to 8. Hence, @ C ®.

The notion of containment leads to a very basic concept, namely,
the concept of equivalence.!

! The concept of equivalence as defined here corresponds to that of weak equiv-
alence in {1]. What is referred to therein as equivalence will be called strong equiv-
alence in this chapter.
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Definition @ and ® are equivalent, written as @ = ®, if @ and ® are
equal as sets, that is, if @ C ® and & C @. In words, this means
that @ and ® are equivalent if every input-output pair which belongs
to @ also belongs to @ and vice versa.

Example Let @ be characterized by the system of differential equations

dy _
a: a ="
: o

a =Y

and let ® be characterized by the differential equation

d?y

®: Et‘é‘

=Uu

It is easy to verify that the input-output pairs for @ and ® are
expressed, respectively, by

(20, a0+t =t + [ [Tu@ dr) 121
where ap and oy range over R!, and
(u®), Bo+ Bt — 0 + [r [Pu® de) 1210

where B, and 8, range over R!. Clearly, every input-output pair
which belongs to @ also belongs to ® and vice versa. Hence, G = ®.
Ezxample Let @ and ® be the objects characterized by the state
diagrams shown in Fig. 1.8.2. It is easy to verify that every input-
output pair which belongs to @ also belongs to ® and vice versa.
Hence, @ = ®.

(0,0) (La) {0,4) {1,0)

,6)

(0,6)

Q ®

Fig. 1.3.2 Example of equivalent systems.
16



The Concepts of System, Aggregate, and State in System Theory 1.4

Equivalence and indistinguishability

Consider the following identification problem.  Suppose that an experi-
menter is given a black box which is known to contain either & or ®,
with the input-output relations of @ and ® known to the experimenter.
The experimenter is free to apply to the black box any input u which is
admissible for both @ and ® (i.e., a u such that u € D(@) N H(®)
and observe the response y. Then, based on the knowledge of the
input-output pair (u,y), the experimenter is supposed to decide whether
the black box contains @ or &. If the experimenter can not determine
this from (u,y), no matter what u is chosen and what y is observed, then
@ and ® are said to be indistinguishable under a single experiment.

From the definition of equivalence, it follows at once that equiv-
alence implies and is implied by indistinguishability under a single
experiment. However, it is possible that two objects are indistinguish-
able under a single experiment and yet are distinguishable under a
multiple experiment, that is, an experiment in which the experimenter
has at his disposal more than one copy of the black box. For example,
the objects shown in Fig. 1.3.2 are equivalent and yet they are dis-
tinguishable under a multiple experiment in the sense that if the
experimenter has two identical copies of the black box containing, say,
®, then starting in node 3’ one copy would produce b in response to 0
while the other copy would produce b in response to 1. These responses
could not be obtained if the same inputs were applied to two identical
copies of @ This implies that @ and ® are distinguishable by the
multiple experiment in question even though they are indistinguishable
under a single experiment.

As will be seen later, indistinguishability under a multiple experiment
corresponds to what will be called strong equivalence, denoted by
@ = ®. Strong equivalence implies equivalence, but not vice versa.

The notion of a system

So far, our discussion has been concerned with a single abstract object
@ associated with input u and output y. To be more general, we have
to consider collections of abstract objects @i, . . ., @y in which
some of the inputs or outputs associated with, say, @;, may be con-
strained to be equal (for all {) to some of the inputs or outputs of
other objects in the collection. Such a combination of abstract
objects will be called a system. It should be noted that, under this
definition, every abstract object is a system and every system is an

17
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abstract object. For this reason, we shall henceforth use the term
system to deseribe both an abstract object and a collection of abstract
objects.

A simple example of a combination of abstract objects which form
a system is shown in Fig. 1.4.1. Here, the system @G (represented by

Fig. 1.4.1 Tandem combination of @; and Q..

dotted block) with input » and output y comprises two objects, @, and
@, connected as shown in the diagram. This connection represents the
following constraint between the inputs and outputs of & and @®.:
y! = u?, with the input and output of @ related to those of &@; and Q.
by v = u! and y = y2

A question which naturally arises when one deals with a combination
of two or more systems is the following: Suppose that a system @ is
specified as a given combination of N component systems, @y, . . . ,
@y, each of which is defined as a specified set of input-output pairs.
How can one deduce from the knowledge of these sets of input-output
pairs and the way in which the components of @ (thatis, Gy, . . . , Gy)
are combined the set of input-output pairs which constitutes @? This
question presents one of the central problems of system theory. We
shall refer to it as the problem of input-output analysis.

There are two basic ways in which the problem of input-output
analysis can be formulated. Essentially, the difference between these
formulations lies in the way in which the sets of input-output pairs
constituting the components of the given system are defined. Specifi-
cally, in the explicit form, these sets are defined by their respective
characteristic functions, i.e., by functions which assign the value 1
to each input-output pair which belongs to a particular component
systemn and O to those that do not. More concretely, if a generic
input-output pair associated with a component system @;, 71 =1, . . .,
N, is denoted by (u,5%), then @; is defined explicitly by the characteristic
funection pi(uly?:

l“(ui:yi) =1 for (ui;yi) € G
=0 for all ordered pairs of time functions which do not
belong to @;

18
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Thus, the knowledge of the characteristic funetion of @; is equivalent
to having a listing or explicit characterization of all input-output pairs
which belong to G..

In the implicit form, the component systems are defined by their
respective input-output relations rather than by characteristic fune-
tions. In this ease, in order to determine the input-output pairs belong-
ing to, say, @; it is necessary to ‘“‘solve’” the input-output relation
defining @;. The problem of input-output analysis is labeled tmplicit
in this case because the characterization of @; by an input-output rela-
tion is implicit rather than explicit in nature.

It will be helpful at this juncture to summarize the two formulations
of the problem of input-output analysis in parallel terms.

Problem of input-output analysis in explicit form Given a system @
as a specified combination of component systems @y, . . . , @y, with
each @, ¢ =1, . . ., N, defined by a characteristic function u;(u?y?).
Determine the characteristic function of @ from (1) the knowledge
of the characteristic functions of @;, . . . . , Gx, and (2) the con-
straints on the inputs and outputs of @i, . . . , Gy imposed by the
way in which they are combined.

Problem of input-output analysis in implicit form Given a system @
as a specified combination of component systems @i, . . . , Qx, With
each G;, 1 =1, ..., N, defined by an input-output relation (e.g.,
a differential equation). Determine the corresponding input-output
relation for & from (1) the knowledge of the input-output relations
for @1, . . ., Gn, and (2) the constraints on the inputs and outputs
of @y, . . ., Gy imposed by the way in which they are combined.

As we shall see presently, on a purely formal—but not necessarily
computational—level, problem 2 is much easier to solve than problem 3.
On an analytical level, problem 3 can be solved completely only for
certain types of systems, e.g., systems defined by differential equations
with econstant coefficients.

To illustrate this point, consider a tandem combination @ of two
systems @1 and @, (Fig. 1.4.1), in which @; and @, are defined by their
respective characteristic functions

1 if (uly') € @y
0 if (uly') & @
pe(u?y?) =1 if (why?) € Q.
0 if (uhy?) & Qe
Here the interconnection constraint is expressed by u? = y!, with the

input and output of @ identified with ' and y?, respectively.
The constraint »? = y! implies that (u4y?) is an input-output pair

I‘l(uliyl) =
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for @ if and only if there exists a time function y'! such that (u!,y?)
and (y.,y?) are input-output pairs for @; and @, respectively. To
express this in a more compact form, we note that the statement
“(ulyt) € @, and (y',y?) € @, is expressible as the equation!

min [p;(u,yY),ue(yty)] = 1

where min {a,b] denotes the smaller of the two numbers a, b, with the
understanding that min [e,0] = a. Furthermore, the statement
“There exists y! such that (u!,y!) € @: and (yL,¥%) € @’ ean be
expressed as
max min [p1(ut,y?),ue(y'y?)] = 1
yl

This implies that the characteristic function of @ can be expressed in
terms of those of @; and @ as follows

p(ul,y?) = max min [ui(ul,y?),u(y!,y?]
yl

The above relation defines the set of input-output pairs of the tandem
combination of @; and @ in terms of the sets of input-output pairs
of @1 and @s. Thus, in principle, 8 provides a solution to the problem
of input-output analysis for the case where @, and @ are connected
in tandem and the sets of input-output pairs for @1, @2, and @ are de-
seribed by their respective characteristic funetions.

The same approach to the problem of input-output analysis can be
used in the more general case where a system @ is an arbitrary combi-
nation of a finite number of objects @y, . . . , @y. To illustrate,
consider the system shown in Fig. 1.4.2, which is composed of three
interconnected objects @1, @2, and @;. In this case, the input u
and output y of @ are identified with u.! and y3, respectively, and
the interconnection constraints read

il = uy? Yol = uyd y1® = ug? Y1t = uyl Ya? = us®

Now let @1, @2, and G; be defined, respectively, by their charac-
teristic functions wi(wit,us;y1l,y2Y), pe(uifua?y1%y2Y), pa(uidusdy:?).2

1 Alternatively and more simply, we could write ui(ul,y")us(yL,y?) = 1. We use
min rather than the product because the former has wider generality (e.g., is appli-
cable when, as in the case of fuzzy systems (see [24]), the characteristic functions
take values in the interval [0,1]). Note that for binary variables min {a,b] = ab
and max [a,b] = a + b — ab, where + denotes sum. More generally, one can
employ the notation min [a,b] = a A b and max [a,b] = a V b to simplify the writ-
ing of equations such as 8 and 9.

2 When a system has multiple inputs and /or outputs, it is helpful to use a semi-
colon in the characteristic function to separate the input variables from the output
variables.
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Then, by inspection, the characteristic function for @ can be expressed
in terms of u, pe, and u; as follows:

p(us2',y1°)
= max  min [m(ya? Uty yet) ey Yt 5t ye?) s (et ye* )]
y1!, yo!, mi?, g2t
As was pointed out earlier, this equation is merely a compact expression
for the statement “An input-output pair (us%y:®) belongs to @ if
and only if there exist y1!, y2!, 1%, and y2? such that (yi%u2*;y14,y2Y),
(y1, 13015920, and (y2',92%y1%) are input-output pairs for @1, @,, and
@3, respectively.”

r-r-r—r————"—VF7/7"F"7/7> "7/ 7777777 ——i
| -
I ‘ vl 7 uf R v {
> - > 3
N y
Q Qa )
P A 1 ) up 2 % vi Qs i
‘ - o )
| A I
| ~ !
| > |
. -

Fig. 1.4.2 Example of a system which is a combination of three component
systems @i, Gz, and Qs.

In the foregoing examples, we assumed that the objects comprising
a system are defined by their respective characteristic functions and
that the problem is to express the characteristic function of the
system in terms of the characteristic functions of its components. The
examples show that, in general, the problem of input-output analysis in
explicit form is easy to solve, at least on a purely formal level.

Next, let us turn our attention to the case where a system is com-
posed of objects which are defined by their respective input-output
relations and the problem is to find an expression for the input-output
relation for the system in terms of those of its components. For
concreteness, assume that @, and @&, are connected in tandem as in
Fig. 1.4.1 and that their respective input-output relations read

2t (p*+3p + 2y = u
Qs: (p + 3)y* = pu?

where p denotes the derivative operator d/di. Then, as is shown in [1],
the input-output relation for @ is given by

(@ + 3)(p* + 3p + 2)y* = pu?
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More generally, if the input-output relations for @, and @, are of the
form o

Qy: Li(p)y' = Mi(p)u'
Qq: Ly(p)y? = My(p)u?

where L1, My, Ly, and M, are differential operators such that L, and M,
have no factors in common, then it can be proved [1] that the input-
output relation for @ is given by

Li(p)La(p)y* = M1(p) Ma(p)u*

As will be shown in Chap. 5, the problem of input-output analysis
in implicit form can be solved completely when @i . . ., Gy are
systems whose input-output relations are linear differential equations
with constant coefficients. Unfortunately, this is just about the only
case in which the problem of input-output analysis in implicit form can.
be solved analytically. In particular, no analytic procedure is avail-
able for the solution of this problem when the input-output relations
of @i, . .., Gy are linear differential equations with time-varying
coefficients. For example, in the case of the tandem combination of
Fig. 1.4.1, suppose that @, and @, are characterized by input-output
relations of the form

G [a.'®p" + - - + eyt = ba'Op" + - - -+ + b (BD]ut
Ge: [a’®)p" + - - - + e ?@O? = bSO + - - -+ b*(D)]u?

where the a;1(f), a:2(?), b:1(8), b:2(%), 7 =1, . . . , n, are specified time-
varying coefficients. In this case, there is no general analytic procedure
for expressing the input-output relation for G in the form of a differential
equation

L(p,y* = M(pt)u?

where L(p,t) and M(p,f) are polynomials in p with time-varying
coeflicients.

This concludes our brief discussion of the notion of a system and
the problem of input-output analysis. We are now ready to proceed to
the definition of the notions of aggregate and state.

Aggregates and states

Although the notion of state has a long history of use in many fields
of science, especially in analytic dynamies, thermodynamics, and
quantum mechanies, it is hard to find a definition of it in the scientific
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literature which does not suffer either from narrowness or imprecision.
In what follows, we shall show how the concept of state can be given
a precise and yet very general meaning by interpreting it as a tag
attached to a subset of input-output pairs in @& The reader must be
warned, however, that the naturalness of this point of view will not be
apparent in the initial stages of our discussion.

Let @ be a system defined as a set of input-output pairs

@ = {(wy)}

satisfying the CUS condition (see Sec. 2). For each &, let @({;) denote
the subset of @ comprising all input-output pairs which start at o,
that is,

G(t) = {(Upn,Yie)} T2 1o

It would be natural to attempt to group together those input-output
pairs in Q(fy) which exhibit a particular characteristic or have some
specified property in common. With this in view, let Q,,(f,) denote a
specified subset of input-output pairs in @(fo), with the index aqserving
as an identifying label. For suggestiveness, such a subset will be
referred to as a bundle of input-output pairs or, simply, a bundle, and
ao will be called its tag.

To illustrate, consider a system G defined by the input-output
relation

dy
a +y=u
By solving this equation for y, we can express Q(lo) explicitly as

a(to) = {@ao(to) }“o [24)] e (— ©, °°)
where

Guolte) = {u(®), a0 + [ e-e-vu(®) dt, t > b},

and u(t) € (— »,»). In this case, for each ay, 2 defines a bundle of
input-output pairs in G(¢y), with « being the generating variable.

As in the above example, usually our concern will be not with a
single bundle @, (fo), but with a family of bundles, {Q,,(¢s)}, for each
to. Such a family would be generated by permitting a, to vary over
some space Z;,. The subseript ¢, in Z,, serves to anticipate the possibil-
ity that the range of ¢ may be dependent on t,, When 2, is independ-
ent of to, it will be denoted by =.!

1 In terms of the notation described in Notational Preliminaries (Sec. 1), {Gq,(o) }
should be interpreted as {Gg,(f0)}a,, that is, a family of bundles of input-output
pairs starting at {,, with e being the generating variable. When both i, and a0
are varied, the resulting family of bundles will be denoted by {Gq,(t0) }egt. A
bundle in this family which comprises input-output pairs starting at, say, t;, will
be denoted by Qg (1), where ey is a tag for the bundle in question and «; € Z,,.

23
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To recapitulate, for each #yin (— », ®) we assume that in some as yet
unspecified way the input-output pairs in @(f,) are grouped (bundled)
together on the basis of some property which they have in common. A
generic bundle is denoted by @, (ts), with its identifying tag a¢ being
an element of a specified space 2., For each {,, varying a, over 2,
generates a family of bundles which we denote by {@,(t0)}. The
members of this family are subsets of input-output pairs in Q(¢).
These subsets need not be disjoint.

So far we have not made any restrictive assumptions regarding the
ways in which the input-output pairs in @(¢;) may be grouped together
into bundles. Now, to pave the way for the introduction of the notion
of state, we shall focus our attention on a special way of bundling the
input-output pairs in Qo). The resulting bundles will be referred
to as aggregates of input-output pairs or, simply, aggregates, and their
tags will constitute the states of @ As will become more apparent
later, the concept of an aggregate is intrinsically more basic than that
of state, mainly because a state is merely a tag for an aggregate and
as such is less intrinsic in relation to Q.

In order to qualify to be called aggregates, the bundles in the family
{@q, (o)}, wo € Z,,, must satisfy four consistency conditions which are
set forth below. The motivation for these conditions will become clear
once we have defined the notion of state.

Covering This condition requires that, for each f, the family of
bundles {@,,(fo) }a,is e 2 covering for Q(f) in the sense that the
subset of input-output pairs starting at £, GQ{ty), be the union of the
bundles {@,(t0)}, @0 € =, that is,

U @,uo(to) = @,(to)
The purpose of this condition is to insure that every input-output pair in
G(ls) belongs to at least one bundle in the family {@®,, (%)}, €0 € 24,

Closure under truncation Let (u®ul,y%') be an arbitrary input-output
pair in Q(fy), with (u%y°) representing a left truncate of (u®ulLy’y%).{
Then, the condition in question requires that if (u®ul,y%y?) is in a bundle
@q,(t0), so must be every left truncate of this pair. In symbols

(@uhy’y) € Gyt = (U%Y7) € Gq,(te)
for all (uPuly’y?) € @, (L), all t, and all ¢ € Z,,.
t In accordance with the notation introduced in Sec. 1, (u®ul,y%y!) is an input-
output pair comprising an input-output pair (u?,y°) followed by an input-output
pair (ulLy!). The input-output pairs (u%,y°) and (ul,y!) are, respectively, left and

right truncates of the input-output pair (u®u’,y°y?).
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Uniqueness By analogy with the domain and range of a system (see
Sec. 2), we can define the domain and range of a bundle of input-output
pairs @,,(to) as the sets

3)(@(!0(’50)) = {u‘(u:Y) E @uo(to)}

and

[

G{(G'nm(tO)) {YI(U;Y) e auo(to)}

The uniqueness condition requires that to each input u in (@, (%))
correspond a unique y in ®R(@,(f0)). Equivalently, this condition
may be expressed compactly by the implication

{(uy) € @y (t) and (0y') € @, (t)} =y =y’

If the uniqueness condition is satisfied, then y can be expressed
as a function of the input u and «o, with the latter identifying the
bundle @,,(ts) to which (u,y) belongs. We shall express this by writing

y= A(eop)

where A is a function from Z, X D(Q4(ts)) to R(G,(ts)). Later on,
this equation will be referred to as an input-output-state relation for Q.

Continuation Let (u%y® be an input-output pair in @,(fs) over an
interval {¢o,t1], and let (ul,y?!) be an input-output pair in @(¢1) over an
interval [{1,f]. As in Sec. 2, the input-output pair (uLy!) will be
said to be a continuation of (u%y®) in @, (t) if the input-output pair
(ululyy!) is in G, (ts). In effect, (uly!) is merely a right truncate
of an input-output pair in ®@,,(¢o).

The continuation condition requires that the set of all continuations
of (u%y®) in @, (f;) be a bundle of input-output pairs in the family
{@u,(to) }aptee If the tag of this bundle is denoted by e1 (with «; € =),
then the condition in question can be expressed as the equality

{(uLy)|(uly’yY) € Qg,(t))} = Qg (t)

which should hold for all {, in R, all ey in 2, all (u%y°) in @, (), and
all t1 > to, t 2> 1 (see Fig. 1.5.1).

To illustrate the four consistency conditions stated above, consider
the time-invariant finite-state system defined in Example 1.2.9, and
assume that for each t, 6o = . . ., —1,0, 1, . . . , the input-output
pairs of length [ < 3 are bundled together into three groups indexed
by I, IT and III, that is, =, = {I,II,II1}, independent of {,, The mem-
bers of the three bundles @1, Gir, and Gy [with £, omitted as argument
in @y (to), @r1(te), and @yr1{te) because the bundles are the same for all £y
are tabulated in Table 1.5.1.

It is easy to verify by exhaustive testing that this bundling of
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input-output pairs of length <3 satisfies the four consistency condi-
tions. Specifically, for [ < 3 ’

1. The covering condition is satisfied because the union of @, Gy,
and Gq; 1s Q.

2. The closure under truncation condition is satisfied because the
left truncates of every input-output pair in each bundle are in the same
bundle. For example, the left truncates of (000,bab), which belongs to
@1, are (0,b) and (00,ba), both of which belong to @;.

G'a, (l‘|)

M ——————— ———————R

o

Time

Fig. 1.6.1 Illustration of the continuation condition.

Table 1.6.1
I II I
0,0 ©0,0) 0,a)
(1,b) (1,0) (1,0)
(00,ba) (00,ab) (00,ab)
(01,ba) (01,ab) (01,ab)
(10,ba) (10,aa) (10,ba)
(11,bb) (11,ad) (11,ba)
(000,bad) (000,aba) (000,aba)
(001,babd) (001,aba) (001,aba)
(010,baa) (010,aba) (010,aba)
(011,bab) (011,abb) (011,abd)
(100,bad) (100,aab) (100,bab)
(101,bad) (101,aab) (101,bab)
(110,bba) (110,ada) (110,baa)
(111,bba) (111,aba) (111,bab)
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3. The uniqueness condition is satisfied because, in each bundle,
to every input sequence of length <3 corresponds a unigue response.
For example, for input-output pairs in @z, to the input (000) corresponds
a unique response bab. Likewise, for input-output pairs in Gy, to the
input (000) corresponds a unique response (aba). The same is true
for all input-output pairs in each bundle.

4. As an example of how the continuation condition is checked,
consider an input-output pair such as (0,b) in @;. By inspection, the
continuations (of length <2) of this input-output pair in G; are found
to be:

(0,0)
(1,a)
(00,ab)
(01,ab)
(10,aa)
(11,ad)

which are members of Gi;. In a similar fashion, we can verify that
the set of all continuations of (0,b) in @; coincides with Q.

An additional illustration of the four consistency conditions is
provided by the following
Ezample Let @ be a time-invariant system defined as a family,
{@,(to) }, of bundles of input-output pairs

@aa(to) = {[u(t)}y(t)L t> tﬂ}

where

y(@) = a0 + /t: Dy (8) di

in which ap ranges over (— »,©). Thus Z;,, = (— o, ®).

In this case, the covering, uniqueness, and closure under truncation
conditions are satisfied by the definition of @. To verify that the
continuation condition is satisfied, let us pick an input-output pair in
Go, (o), say, (w°(),y°(), to <t < t, and demonstrate that the set of
all of its continuations in @,,(t;) coincides with @, (1) for some a; in
(_ ®©, )

Specifically, let (ul,y!) be a continuation of (u%y%) in @,,(ts). Then,
since (u'ul,y'%Y) & Qu,(t0), we must have

PO = a0 + [letvupdr ¢t
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Now, y1(t) as given by 18 can be rewritten successively as
PO = a0 + [TePuQ di + [letw@d 12 h

= a0 + ot [ mud(g) di + [ e -bur(g) dt
t2>1t4

e~ 4 j;: e~-Byl(§) d¢ t>h
where

s
ay = a4 4 j;o e~ tmPuo(¢) dE

From inspection of 20, it follows at once that the set of all continua-
tions of (u%y?) in @, (t), that is,

{(@'(®),51(1), t > t|(uuly%yl) € Cu,(to)}

coincides with @, (1), and hence that the continuation condition is
satisfied by the input-output pairs defined by 16.

Aggregates and states

Our main purpose in introducing the notion of a bundle of input-output
pairs and in formulating a set of consisteney conditions which families
of such bundles must satisfy was to set the stage for defining the
aggregates and states of a system in terms of its input-output pairs.
We are now in a position to do this concisely and in a way which adds
considerable insight to the meaning of the concept of state and its
basic properties.

Definition Let a system @ be defined as a collection of input-output
pairs
e = {(uwy}

satisfying the CUS condition (see Sec. 2). Let {@q,(t0) }a,.¢, be a family
of bundles of input-output pairs satisfying the covering 3, closure under
truncation §, uniqueness 7, and continuation 12 conditions. Such a
family will be said to be consistent, and a bundle @, (f,) in a consistent
family will be said to be an aggregate.

Definition Let G, (o) be an aggregate in @ at time ¢y, The identifying
tag ao of Gq,(to) is a state of @ at time t,. The range of ey, 2y, is the state
space of @ at time to. When Z; is independent of {y—as is usually the
case—it is denoted by Z and is referred to more simply as the state space
of @. ,

When necessary to place in evidence the dependence of state on time,
we shall denote it as x(?) or x;, according as ¢ ranges over {— o, )
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or the set of integers. Thus, it will be understood that, for each o,
x(to) is a variable ranging over Z;,, with e, representing a generic value
of x(t5). On occasion, ag or x(f;) will be referred to as the initial state
of @ at time ¢y in order to differentiate it from a state of @ at some subse-
quent time &.

Comment The definition of a state of a system @ as a tag for an
aggregate in @ underScores the fact that the states of @ do not have a
unique identity and have much less intrinsic connection with @ than
the aggregates in @. This, however, naturally raises the question:
Are the aggregates in @ uniquely determined by the four consistency
conditions 8, 5, 7, and 12? 1t can be shown that this question can be
answered affirmatively for certain classes of systems, e.g., systems whose
input-output relations have the form of linear differential equations
with constant coefficients (Theorem 3.9.1 in [1]). An example to the
contrary is furnished by the two finite-state systems shown in Fig. 1.3.2.
In this case, @ and ® have the same set of input-output pairs but not
the same family of aggregates. In the terminology of finite-state sys-
tems, ® is not strongly connected, that is, it contains states (state 3)
which are not reachable from other states (1’ and 2’). If the aggregates
were required to be reachable from one another [in the sense that for
each ey and each e« there exists uy,, such that Q. (t) is the set of
all continuations of (Ug,,+1,¥s.41) 0 @4, (f0)], then the family of aggregates
would be uniquely determined by the four consistency conditions.

Input-output-state relations

In consequence of the uniqueness condition, to each u in the domain
of an aggregate @, (to) corresponds a unique y in its range. Thus,
for any input-output pair in G, (to) We can write

y = A(ao;u)
or equivalently
y = AR(to);u)

where A is a function from 2, X D(Cq,(t0)) to R(Cq,(tr)). In view of
their form, these relations will be referred to as the input-outpui-state
relations for Q.

It should be noted that an input-output-state relation expresses an
output segment y as a function of initial state ap and an input segment
u. Since there is no convenient way of expressing a segment of a time

‘function as a function of other time funetions, the information provided

by an input-output-state relation will usually be presented in the form
of an equation

y(®) = Ao ;)
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in which y(#), rather than y, is expressed as a function of x(¢,) and u.
Like 27 and 28, this equation will be referred to as an input-cutput-
state relation. It is important to observe that when @ is defined by
an input-output relation having the form of a differential or difference
equation, 29 expresses the general solution of such an equation, with
x(to) representing the initial conditions.

Having defined the states of @, we are now in a position to see more
clearly the motivation for the less obvious consistency conditions
imposed on the bundles of input-output pairs of @. Specifically,
the uniqueness condition 7 serves to insure that if @ is initially (at ¢,)
in some state g, then the response of @ to any given input u in D(@,, (¢o))
is uniquely determined by that input and e, through the input-output-
state relation 27. This, of course, expresses a key property of the
notion of a state of a system, viz., that the knowledge of state at time ¢,
is sufficient to determine the response of the system to any input
starting at time . In other words, the state of a system contains all
the information about its past history that is relevant to the prediction
of its future behavior. _

The continuation condition has the following interpretation. Sup-
pose that @ is initially (at {,) in some state oy and that an input u®,
u® £ uy, ¢ is applied to @. Then at time ¢, @ will be in a state a;
which defines uniquely an aggregate G,,({1). Thus, a; can be regarded
as the initial state (at time ¢;) for any input starting at t;. We shall
say that ap is taken by u® into ai.

The above interpretation contains an important conclusion, namely,
that @, (f1) is uniquely determined by ap and u®. This does not
imply that e is uniquely determined by «p and u® since each bundle
may be tagged in a number of different ways. However, as will be
seen in Sec. 6, all such tags are equivalent to one another. Conse-
quently, «; is uniquely determined, to within equivalent states (see
1.6.1), by wo and u® In a general form, this will be expressed by the
equation

x(t) = F(x(to) g

which will be referred to as a state equation for @. In this equation,
F is a function from Z;, X D(G,(ts)) to Z; which expresses the state
at time ¢ in terms of the state at time #, and the input segment over the
interval [to,2].

To illustrate the notions introduced in the foregoing discussion, it
will be helpful to consider two examples which were employed previ-
ously, namely, Example 1.2.9 and Example 1.5.15.

In Example 1.2.9, it is easy to verify by inspection of @i, @1, and
G that these aggregates comprise, respectively, input-output pairs
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starting in nodes I, II, and III. For example, the input-output pair
(010,baa) in Gy results from applying 0 starting in node I—which yields b
and leads to node II; then applying 1 starting in node II—which yields a
and leads to node ITI; and then applying O starting in node III—which
yields a and leads to node I. In short, the input-output pair (010,baa)
results from applying the input sequence 010 starting in node I—which
yields the output sequence baa and leads to node I.

Combining this observation with the faet that @, Gm, and Qmur
have been verified to be aggregates of input-output pairs of @, it
follows that the tags I, II, and III, which represent the nodes of the
graph defining @ (Fig. 1.2.2), constitute the states of @. From the
graph, it follows at once that if the state of @ at time ¢ is denoted by
x:, then we can write

T = f(2nu) t=...,-—-1,0,1,. ..
Y = g(xhut)

where f and ¢ are tabulated below

Uy I II III

0 11 I I
1 11X II1 I

Ze

Ue I I III

By iteration, 31 can be used to yield an expression for x:, t > £y, in
terms of z;, and wu, . . . , wiy. Thus,

= f(f(. .. ;f(f(xtoyuta),uto-}-l); Ce ey Um1))

which is a state equation for @ in the sense of 30. Then, on substituting

this expression into 32, we have

Y = g(f( .o )f(f(xio:uto):uto+1); L) :ut—l)iut)

which is an input-output-state relation for &. Thus, in combination,
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equations of the form 31 and 32 completely define a finite-state system
and place in evidence its states and aggregates.’

It should be noted that, in the literature of finite-state systems,
it is customary to define a time-invariant finite-state system as a
triple of finite sets U (range of u.), ¥ (range of y.), and Z (range of z,),
and the pair of functions f and ¢ defined by 31 and 32. Thus, what
is the point of departure in the conventional approach is a terminal
point in the approach used in this chapter.

Turning to Example 15, we note that in this case the input-output
state relation 29 reads

y() = sl + [lePu@ di  t2t

This equation is obtained from the definition of @,,(fo) (see 16) merely
by replacing ap with x(t) in 17.

From 21, it follows that the state equation 30 can be expressed in
the explicit form

() = st + [ e ou® A5t 1t

Note that in the example under consideration y(¢) = z(¢) for all ¢
More generally, the output at time ¢ is a function of the input at time ¢
and the state at time {, that is,

y(®) = g(x(t),u(t),t)

This equation resulfs from 29 by letting ¢, = ¢ in the input-output-state
relation. Conversely, the input-output-state relation can be obtained
from 39 by combining 89 with the state equation 30, that is, by sub-
stituting the right-hand member of 30 in place of x(¢) in 39, yielding

y(®) = gF & (o) ;ups,q),u(d),t)

which expresses y(t) as a function of x(t,) and uy,y.

State and system equivalence

The preceding sections were devoted in the main to the introduction of
three basic concepts: System, aggregate, and state. In essence, we
have defined a system as a collection of input-output pairs; we have
defined an aggregate as a bundle of input-output pairs satisfying certain
consistency conditions; and we have defined a state as a tag attached
to an aggregate.

As was pointed out earlier, since a state is merely a tag or a name
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for an aggregate, it is not as intrinsic a concept as that of an aggregate,
in the sense that the same aggregate can be described by a variety of
different tags whereas to each tag will correspond but one aggre-
gate. These considerations motivate the following definition of state
equivalence.

Definition Let o' and e, denote two states in Z,,. Then e« and
a,® will be said to be equivalent at iy, written as ap! =~ a?, if and only
if they are tags for the same aggregate, that is,

@uol(to) = @uoz(to)

The conventional definition of equivalent states (see Ref. 1, p. 71)
is somewhat less general than the above definition; it corresponds to
making the following simplifying assumptions concerning Q.

Let D(Gq,(t0)) denote the domain of the relation @, (to), that is,

D(Cey(t0)) = {ul(wy) € Gq,lt)}

If @ is such that D(Q,,(to)) is independent of both ey and t,1 then
D(Qq,(to)) will be denoted more simply by U and will be called the
npul-function space of @ Thus,

U = {u|(n,y) € Qg (o)} independent of ag and o

If @ has an input-function space, then the definition of equivalent
states 2 can be replaced by the simpler definition

{ol >~ o?} & {Vuld(elu) = A(e?u)]} uEw

where A(a;u) and A(e?;u) denote, respectively, the responses of @
to u starting in states «! and «2. In words, 5§ means that ! and «2
are equivalent states of @ if and only if for all inputs u in U the response
of @ to u starting in state «? is identical with the response of @ to u
starting in state o!.

The same concept of equivalence applies when we speak of a state o
of a system @ as being equivalent to a state 8 of a system ® In
this case

{e~8} & {Vu[A(e;u) = Bew)]}

where B[8;u] denotes the response of ® to u starting in state @.
Ezample Consider the two systems of Example 1.3.3, for which the
respective input-output-state relations read

a: y(t) = « + f: u(f) dg
®: y() = Bo+ Balt — to) + [, w(®) ds

t Note that D(@,(t0)) is independent of ¢, if @ is time-invariant. However, this
is not a necessary condition.
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In this case, the state a = 0 of @ is equivalent to the state 3 = (0,0)
(8 = (BnB)] of &. o

Ezample Consider the finite-state systems @ and ® shown in Fig. 1.3.1.
Here it is obvious by inspection that 1 ~ 1’ and 2 ~ 2’. On the other
hand, the state 3’ of ® has no equivalent in G.

Strong equivalence In Sec. 3 two systems G and ® were defined to
be equivalent, written as @ = ®, if @ = ® in the set-theoretic sense,
that is, if every input-output pair belonging to @ also belongs to ®
and vice versa. As was pointed out, if @ = ®, then @ and ® are
indistinguishable by a simple experiment.

There are many cases in which a stronger concept of equivalence,
namely one in which @ and ® are indistinguishable by any multiple
experiment, is more appropriate. A convenient way of expressing
strong equivalence of @ and ® is contained in the following definition.

Definition @& and ® are strongly equivalent, written as @ = ®, if and
only if, for each ¢, to every state « in the state space of @ there is an
equivalent state § in the state space of ® and vice versa. In symbols,
if the responses of @ and ® to an input u starting in states « and §
at time ¢, are denoted by A (e;u) and B(B;u), respectively, then we can
write compactly

G =@ < VodgVuVifd(a;u) = B(@Gu)]
and

VedeVuVi[d(au) = B(@u)]

In similar symbols, the expression for the definition of equivalence
becomes

G = ® o VaVuVidp[A(au) = B(Gu)]
and

VeVuVide[d(e;u) = B(B;u)]

Note that the only difference between 11 and 12 stems from the differ-
ence in the orders of quantifiers. Thus, in the case of equivalence,
the state 8 in 12 depends on «, u, and fo, whereas in the case of strong
equivalence, 8 in 71 depends only on a.

The notions of equivalence and strong equivalence are of central
importance in system theory. A detailed discussion of the properties
and consequences of these notions is presented in [1]. Here we shall
restrict ourselves to a few comments centering on the role of the notion
of state in system equivalence.

First, we observe that the notion of equivalence is independent of
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the notion of state whereas that of strong equivalence is not. This
implies that the equivalence of @ and ® does not imply that G and ®
are strongly equivalent, although the reverse is clearly true, that is,
@ =@®=@ = ®. Essentially, this means that the indistinguishability
of @ and ® under a single experiment does not imply their indistinguish-
ability under a multiple experiment.

To illustrate, consider the finite-states system shown in Fig. 1.3.2.
It is easy to verify by inspection that every input-output pair of @ is
also an input-output pair for ®, and vice versa. On the other hand,
the state 3’ of ® is clearly not equivalent to any state of @. Hence,
@ and @ are not strongly equivalent.

While it is not true in general that @ = 8 = @ = ®, there are
types of systems for which equivalence implies strong equivalence.
Among such systems [1] are strongly connected finite-state systems
and differential systems of finite order. Note that the system ® in
Fig. 1.3.2 is not strongly connected, since state 3’ in & is not reachable
from other states.

Assocration of states with a system

In this section, we shall focus our attention on the following basic
problem: Suppose that a system @ is defined as a set of input-output
pairs,

a@ = {(uy)}

possibly, but not necessarily, through an input-output relation. If we
can find a family of bundles {@,,(to)}a,: satisfying the conditions of
covering, closure under left truncation, uniqueness, and continuation,
then, as shown in Sec. 5, the tags {ao} of aggregates {Q,(to)} are the
states of @ and the relation

y(®) = Alao;up,n)

is an input-output-state relation for @. The problem is: How can
one find a family of bundles satisfying these conditions, i.e., a family
of aggregates of @7 Since the states of @ are the tags of its aggregates,
we shall refer to this problem as the problem of associating states with a
system. "

The association of states with a system @ which is defined as a
collection of input-output pairs results in a system with a state structure,
or S8S, for short, which is characterized by the input-output-state
relation 2 and which is equivalent to @ in the sense of 1.3.8. It is
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important to note, however, that if &, is an SSS which corresponds to
a particular aggregation of input-output pairs in @ and if @, is another
such SSS which corresponds to a different mode of aggregation of
input-output pairs in @, then, in general, @, and @, will not be strongly
equivalent in the sense of 1.6.10. Clearly, if all the SSS which are
equivalent to G are strongly equivalent to one another, then there is
one and only one family of bundles which qualify as aggregates of @.

As an aid in finding a family of aggregates of @, it is very helpful to
establish a basic property of input-output-state relations which, as will
be seen below, is equivalent to the continuation condition. Specifically,
from inspection of 1.2.13, it is obvious that, since the input-output pair
(ul,y)) belongs to the bundle G, (1), we ean write

y{&) = Aessug, )

where o, is independent of u! and is dependent solely on a, and u?,
that is,
a1 = Fagu, 1)
Furthermore, it is also clear that the continuation condition is satisfied
if 3 and 4 hold true.
This observation makes it possible to make the following assertion:

Suppose that the bundling of input-output pairs of @ is defined by the
input-output-state relation

y() = A{o) ugs,a)
through
Coo(te) 2 { (U, A () Uitn)) bu

where ay = x(fp) = initial state, u = uy, 4, and

Vi = A(x(to) up,n)

is an input-output-state relation (equivalent to &) which expresses
the output segment [rather than y(#)] as a function of the initial state
x(%o) and the input segment uy, ;. Then the bundling in question satis-
fies the continuation condition if and only if the input-output-state
relation § satisfies the identity

y(&) = AR ur,a) = AR(t)up,q)
where x(¢,) depends only on x(f,) and uy,,,, that is,
x(t1) = F(x(to) ;urty.e)

This identity expresses the so-called response separation property of 5.
Thus, the eontinuation eondition implies and is implied by the response
separation property.
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In effect, the response separation property of the input-output-state
relation affords a convenient way of checking on whether or not the
continuation condition is satisfied by the family of bundles which is
generated by the input-output-state relation in question. Using this
property, the association of states with a given system involves only
two steps: (@) Finding a relation of the form 2, with «p ranging over
a space Zy,, such that every input-output pair in ®@ can be represented in
this form and, conversely, for every ¢, and every o in 2, (u,A(x(to);u))
is an input-output pair in @; and (b) verifying that 2 has the
response separation property. If (a) and (b) are satisfied, then the ay
qualify as the states of @ at time ¢, and the relation

y(® = A(aou)

may be regarded as an input-output-state relation for @.

As was pointed out earlier (Sec. 5), when @ is defined by an input-
output relation which has the form of a differential or difference
equation, a relation of the form 2 constitutes an expression for the
general solution of the equation. In such cases, then, the association
of states with a system involves merely a check on whether the general
solution has the response separation property.

Example As a simple illustration of the above procedure, suppose
that @ is defined by the input-output relation

p+Dy=u

In this case, the general solution may be written as
y(O) = a0 + [Leevu@ ds £t

which is of the form y(f) = A(ao;up,n), With ap ranging over the real
line (— », ).

To verify that 13 has the response separation property, we have to
verify that there exists a real number «; independent of wp . such
that, for all «q, o, &1, {, and u, we have the identity

Clearly, 14 can be satisfied by relating o to agand u, ) by the equation
a1 = ag”t + f: e~tPy(f) dt

This equation is a concrete form of 4 for the case under consideration.
In effect, it is a state equation for @ induced by the input-output-state
relation 13.

It is of interest to observe that 13 would not have the response
separation property if the exponents of the two terms in the right-hand
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member of 13 were not identical. For example, if y(¢) were given, say,
as :

Y(t) = a2t + /¢: e~t-0y(¢) dt

then 76 would not have the response separation property. More
generally, it is easy to verify that if the input-output-state relation
is of the form

n

£
YO = ) a4+ [1ht — Hu(®) dg

i=1

where the «; range over the real line, then the response separation

property requires that the function h(¢) be a linear combination of the
exponentials e=%f, ¢ =1, . . . , n.

State separation property

In the foregoing discussion, we assumed that the point of departure
for associating states with a given system @ is an input-output-state
relation for @ of the form

y(&) = A@x(o;ugn) £
where x(fo), the state at time {,, is a variable ranging over a state space

.,
If 18 has the response separation property, then we can write

A(x(to) jups,n) = A(x(t) ug,.)
where x(t1) is related to x(fs) and uy,, by the state equation
x(t) = F(x(to) ;1))

As shown in [1], an important consequence of the response separation
property is the so-called state separation property (or the semigroup
property) of the state equation 20. When written in a form analogous
to 19, this property may be expressed as the identity

x(t) = F(x(to) upn) = Fx(t) up,a)
where

x(t) = F(x(to) ;urs0:,)

with the understanding that 21 holds for all 4, 1, ¢ (fe < 81 < ¥),
X(to), and ug,y. In words, the state separation property means: If an
input segment uy,,y is divided arbitrarily into two segments uy,,,; and
Uy, and if an initial state x(¢o) is carried by ug,q into x(¢) and by
U[g,.¢ into x(t1), then x(ty) is carried by up,q into x(2).

In most cases of practical interest, the dependence of y(¢) on up,,
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in the input-output-state relation 18 is such that, as t,— ¢, 18 tends
to a relation of the form

y(®) = g&x@®),u(®),)

which implies that the output at time { depends only on the state
at time ¢, the input at time ¢, and {. Systems of this type will be
said to be proper. An example of a proper system (see Ref. 1, chap. 4)
is a system defined by an input-output relation of the form

(@awp”+ - - - +ady = (bup™+ - - - +bou

in which n > m.
A proper system may be characterized by the equation

y(& = gx®),ul®),n)
and the state equation

x(t) = F(x(to) 1)

In effect, these two equations define the system in question through
the input-output-state relation

vy = gF&(l) upa,u(),1)

which results from substituting 26 into 25.
An important property of proper systems may be expressed in the
following form.

Assertion If the state equation 26 has the state separation property,
then the input-output-state relation 27 will have the response separa-
tion property and, consequently, the x(f) in 26 will qualify as the states
of the system defined by 25 and 26.

The truth of this assertion follows at once from making use of 21 and
22 in 27.

The above assertion provides a very convenient way of associating
states with a differential system, that is, a system whose input-output
relation has the form of a differential equation. Thus, suppose that
the given differential equation (or equations) defining @ can be shown
to be equivalent to the equations

¥y = gx®)u®),1)
x(t) = fx®,u),)

in which x(f) ranges over a space Z;,. Then, the following can be
asserted (corollary 2.3.36 in Ref. 1):
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31 Assertion If equation 30 has a unique solution for x(¢) for every initial
state x({y), then the solution, expressed as

32 x(t) = Fx(to) ;up,n)

will have the state separation property. Coupled with Assertion 28,
this implies that if we can demonstrate that 29 and 30 are equivalent
to the differential equation (or equations) defining @ (in the sense of
having the same set of solutions), then we can conclude that the x(f)
in 29 and 30 qualify as the states of Q.

As a simple illustration, consider a system @ defined by the input-
output relation
33 (@p®+ -+ - +ady =u
in which the a; are real-valued coefficients and the input and output
at time ¢ are real-valued variables. On defining
34 zi(t) = y(t)
z2(f) = py()

........

z(8) = p"ly(?)

the differential equation 31 can be replaced by the single vector differ~
ential equation

35 x(t) = Ax(f) + Bu(?)
together with the equation
36 y(&) = Cx(t)
in which x = (21, . . . ,z,) and the matrices A, B, and C are given by
0 10 0 0
0 0 1 0
3y A=] i B =
G L
[+ 7% [27% _}_
On
C=[1 0 --- 0]

Equation 35 has a unique solution which can be written as
t
38 x(t) = @t — t)x(ts) + [, ®(t — OBu(®) dt
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where ®({) is the solution of the equation
b = Ao ®0) =1 identity matrix

It follows from Assertion 30—and can also be readily verified
directly—that 38 has the state separation property. Consequently,
from 28 we can conclude that x(¢) as defined by 34 qualifies as a state
vector for Q.

In more general cases, the association of states with a system can
be carried out in a similar manner, with the response and state
separation properties of the input-output-state relations and state
equations serving as the bridge between the definition of a state as
a tag for an aggregate and its expression in terms of the input and
output of @. Detailed expositions of the techniques for associating
states with a system may be found in some of the references listed below,
especially [1] and [25]. In addition, a number of methods relevant to
this problem in the context of linear differential systems will be dis-
cussed in Chap. 4.
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